INTRODUCTION
The cell vertex finite volume method, together with its earlier form as the box différence scheme, has been widely used to approximate first order differential équations. In particular, its advantages for discretising the Euler équations of inviscid gas dynamics are now well recognised. Recently, in [4] , [5] and [8] , extensions have been proposed for the Navier-Stokes équations of viscous gas dynamics and impressive results obtained for model convection-diffusion problems. Some error analysis in one dimension was carried out by Mackenzie and Morton [5] , mainly using finite différence techniques, and also by Morton and Süli [9] and Süli [12] , [11] for the twodimensional pure convection problem. These demonstrate some of the key features of the method, but it is clear from these papers that more gênerai and more powerful methods of analysis are required. In the present paper we put forward an alternative analysis of the cell vertex scheme which seems to hold considérable promise It is based on mesh-dependent norms similar to those used by Suh [12] , [11] , within a nonconforming Petrov-Galerkin framework, but the key idea is to introducé a mapping between the trial and test spaces akin to the upwinded test functions of finite element methods or the upwinded control volumes of finite volume methods There is clearly a parallel with the approximate symmetnzation technique of Barrett and Morton [1] , but instead of enhancing the symmetry of the bilinear form it aims merely to improve lts positivedefmiteness
In the next section the genera! approach is outlmed and motivated Then in section 3 a particular mapping is used to analyse the one-dimensional convection-diffusion problem Section 4 shows how a similar mapping can materially sharpen the results given in [9] and also highhghts the importance of a particular semi-norm in the analysis Finally, in section 5 it is shown how the need to choose a class of approximations for which this semi-norm becomes a norm leads to a natural solution of the convection problem with charactenstic boundaries
OUTLINE OF ERROR ANALYSIS
We give hère a brief sketch of the argument used in later sections to provide error analyses for the convection and convection-diffusion problems
We assume that the domam f2 of our differential équation Lu = f is suitably divided by a given mesh (intervals in one dimension, quadrilaterals in two dimensions, etc ) Our computed solution U will he in the associated trial space S h , which consists of piecewise hnears m one dimension, piecewise ïsoparametnc bihnears in two dimensions, etc This solution is defmed by requinng U to satisfy
together with Dmchlet boundary conditions on £/, where B(., . ) S h x 7* -• R is a bilinear form associated with the differential operator L, (., . ) is the L 2 (f2 ) inner product, and 7* is the space of piecewise constants on the mesh
The key idea in the analysis is to construct a mapping M S h -+T h such that
where C x is some fixed positive constant (independent of the mesh and of the diffusion coefficient in L), and || -|| A is some norm or semi-norm which is sufficiently strong to guarantee stability of the numerical method Then, writing u l for the interpolant to u from S h , one has to extend the définition of B (., . ) to a suitably smooth class of solutions u so that one can carry out the following argument : An insight into how one might construct a mapping M satisfying (2.2) above is provided by the following heuristic calculation. Consider the twopoint boundary value problem
where e is a small positive parameter and a is a positive constant. Then the bilinear form B (., . ) is essentially given by
In practice we shall only work with functions w which vanish on the interval (1 -h, 1 ], where h is some positive constant (h will be the mesh diameter in our full analysis later). Suppose now that y lO for 1 -fc < * * 1 , so that the mapping M has the effect of trans lating the function u to the left, i.e. in the upwind direction since a > 0. Then we have and this would be insufficient for stability. The above calculation pertains directly to our convection-diffusion problem. In the case of pure convection, replacing u(x + k) in (2.7) by u'(x) leads more simply to a satisfactory result, as we shall see in section 4. However, irrespective of whether diffusion is present we follow essentially the same line of argument ; for further discussion on the use of upwinding in some form as a means of obtaining stability in finite element and finite volume methods, see also Morton [6] , [7] .
CONVECTION-DIFFUSION IN ONE DIMENSION
We shall in this section obtain an error bound for the solution obtained when the cell vertex finite volume method is applied to a singularly perturbed two-point boundary value problem. Our estimate is in a norm which is a discrete analogue of (2.8) above.
Consider the problem
where e is a small positive parameter, and we assume that the function a is Our finite volume scheme is Method B of Mackenzie [4] : find the piecewise linear function U such that f dx y for i -1, ..., N -1 , (3.4)
where for each piecewise linear V we set
Here D_ is the backward divided différence operator. We assume that each f*' intégral ƒ dx is evaluated exactly. 
B(V, W)i-J] W t B t (V). (3.7)
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We also define B{., .) :
Note that the two définitions (3.7) and (3.9) are consistent, being identical for
. We deduce from (3.1), (3.9) and (3.8) that
Also, using (3.7) and (3.9),
since (au)j = (au 1^ for each j. We can now specify a suitable mapping M, as discussed in section 2.
The function MV may be regarded as the limiting case, as the cell Péclet number tends to infinity, of the well-known Hemker test function [2] , which is the local Green's function. Using this M, we now prove a coercivity inequality which is a discrete analogue of (2.8) for our cell vertex method. 
so the £-terms from (3.15) are non-negative.
Hence we obtain
The inequalities (3.23) and (3.24) together imply that where (u ! )J is given hy (3.6).
Proof : From (3.10) and (3.11), using the undivided backward différence operator A_ 9
Summing (3.27) by parts and noting that R o = R N = 0, we obtain (3.26). D
We can now obtain a convergence resuit in a discrete energy norm. 
Proof : Take F = /? in Lemma 3.1 and invoke Lemma 3.2 to obtain
by the Cauchy-Schwarz inequality. The first term on the right can be cancelled against the left-hand side to give the required re suit. D
Remark :
The assumptions made about the mesh in Theorem 3.3 are not restrictive in practice, in essence requiring only that the mesh is not coarsened in the boundary layer.
Moreover, provided that one has more information about the mesh, one We present two Corollaries of Theorem 3.3. The first Corollary deals with a mesh which résolves the layer near x = 1, while the other assumes that the mesh is coarse and does not résolve the layer. The cell vertex method exhibits different convergence properties in these two regimes, as is demonstrated numerically in Mackenzie and Morton [5] . 
The result now follows immediately from Theorem 3.3.
• Remark : Corollary 3.2 essentially states that the error in the computed solution, measured in a discrete energy norm, is O(s/h N ) when the mesh is coarse. Numerical results in Mackenzie and Morton [5] for the error in the discrete L 00 norm also exhibit O(e/h N ) behaviour when (3.18) is satisfied.
CONVECTION IN TWO DIMENSIONS WITH NON-CHARACTERISTIC BOUNDARIES
In this section, we present convergence results for the cell vertex finite volume method when applied to a scalar first-order hyperbolic équation in two independent variables. Morton and Süli [9] have considered this problem using a nonuniform tensor product mesh (see also Süli [11] for a fuller study of the convection problem on more gênerai quadrilatéral meshes). Here we obtain some new local and global results for the method on various quadrilatéral meshes, and also strengthen the original Morton where n(x) dénotes the unit outward normal to 8/2 at x e 3/2. To discretize (4.2), we assume that we have a partition K = {K t : / e I} of f2, where I is some index set. Each element K x of the partition is a convex quadrilatéral, and we dénote by F x the affine function which maps the référence square K = (0, 1 ) 2 onto K r We set /* = max, {diameter (K t )}. We Let u 1 e % h _ be the interpolant to u from <^* . We begin with a projection resuit for U. (4.9)
Since i e I is arbitrary, the second equality of the theorem now follows from (4.9) and the définition of | . \ t iny • Theorem 4.1 expresses a local projection of the error u -U in terms of a local truncation error. This can be made more spécifie in certain cases.
If the quadrilaterals K t are sufficiently regular (in a précise sensé due to Süli [11] ), we can quantify the order of convergence, as follows. Let h { dénote the diameter of K t , and let p ( dénote the maximum diameter of circles contained in K t . Dénote by P t and Q l the midpoints of the diagonals of K,. Thus suppose that f2 has the following property :
where a_ K t = {xe BK, :a(x).n(x)<0} , a + K t = {x E ô^ : a(x). n(x) ^ 0} , (4.20) and n(x) dénotes the unit outward normal to dK t at x e èK r (In particular, if f2 = f2, then f2 has property (4.19).) Then it is clear that f2 must contain the unique cell in K which has (0, 0 ) as its southwest corner. Furthermore, using the observation of the previous paragraph one can then step cell by cell from left to right and bottom to top, to conclude that V = 0 on all of n.
In more gênerai situations (e.g., mesh not a tensor product, a not satisfying (4.17), etc.) one attempts to mimic this argument to conclude that V = 0 on f2. One still needs property (4.19), but the mesh geometry relative to the direction of a must also be taken into account.
We have deferred up to now the questions of existence and uniqueness of the cell vertex solution U. Assuming equality between the number of équations and unknowns, we show that existence and uniqueness of U depend precisely on whether | V . 7 A (a . )| ^ is a norm. 
Remark :
In the next section we shall discuss a particular case where the equality in the numbers of équations and unknowns assumed in Theorem 4.2 does not hold.
We now examine the relationship between Theorem 4.1 and the error estimâtes obtained previously by Morton and Süli [9] , by further characterising |V./*(a. )| /2(/J) . Remark : The arguments presented in this section do not rely in any intrinsic way on the two-dimensional nature of the problem. Analogous results will hold for analogous n-dimensional problems with n # 2 ; one merely needs to alter the concepts of quadrilatéral and isoparametric bilinear interpolant in the appropriate way.
CONVECTION IN TWO DIMENSIONS WITH CHARACTERISTIC BOUNDARIES
We now turn our attention to a particular situation in which the number of équations provided by the basic cell vertex method is a priori less than the number of unknowns. The requisite extra équations may, for example, be obtained by a « cell-splitting » approach suggested by Morton [6] . We analyse this problem and show that, if the method used to generate the extra équations has a certain property, then this will ensure optimal order of convergence of the computed nodal values. The cell-splitting method is shown to possess this property. where for simplicity we assume that ƒ e C 3 {Ö ). We assume that we have a uniform tensor product mesh on f2. where C is a generic constant which is independent of the mesh. We can now return to the issue raised earlier, namely how to compute U Combining (5.12), (5.13) and (5.14), we obtain "n +1 , "n +1 "n "n _ f, 
